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Abstract
We introduce Super Greedy Trees (SGTs), a decision-tree framework that extends CART 
by constructing tree splits from lasso-penalized parametric models. At each tree node, a 
model fitted to the local data induces an adaptive multivariate geometric cut (linear or 
curved) selected to greedily reduce empirical risk. This yields richer partitions than axis-
parallel CART while keeping each split easy to inspect through sparse local structure. 
In simulated and real-world regression studies, SGTs and an ensemble extension (Super 
Greedy Forests, SGFs) perform well relative to CART, oblique trees, random forests, and 
gradient boosted trees, especially when the underlying response surface is complex. In a 
treadmill ECG and clinical-data case study, SGFs identify sparse combinations of signals 
associated with long-term survival. The SGT framework thus provides a flexible and theo-
retically sound approach to tree-based learning.

Keywords  Empirical risk · Lasso · Multivariate cuts · Parametric models · Partitions

1  Introduction

Classification and Regression Trees (CART) (Breiman et al. 1984) are widely used for pre-
diction and decision rules across many fields. They are nonparametric, handle mixed types 
of predictors, and often perform well with limited tuning. Tree-based learners also serve 
as fundamental building blocks for many successful ensemble methods, including random 
forests (Breiman 2001), Bayesian additive regression trees (BART) (Chipman et al. 2010), 
and gradient boosted trees (GBT) (Freund and Schapire 1996; Friedman 2001). A widely 
used GBT implementation is XGBoost (Chen and Guestrin 2016), known for strong perfor-
mance in machine learning benchmarks and Kaggle competitions. CART grows a tree by 
repeatedly choosing, at each node, a split (cut) that divides the observations into two child 
nodes and maximizes the decrease in an impurity criterion. In regression this is typically the 
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within-node sum of squares; in classification it is often the Gini index. These criteria cor-
respond to greedy reductions in the average training loss (empirical risk), so CART can be 
viewed as empirical risk minimization carried out one split at a time.

Despite its success, CART restricts the split search to univariate, axis-parallel rules of 
the form xl ≤ s. Such splits are easy to understand, but they yield piecewise-constant pre-
diction surfaces and partition boundaries that are parallel to the coordinate axes. When the 
signal depends on multivariate directions or curved boundaries, CART often requires many 
levels to approximate the structure, producing deep trees. Deep trees can have high variance 
and may be unstable to small perturbations in the data (Breiman 1996) (see also the survey 
by Loh (2014)).

Many extensions enlarge the split family. Oblique trees replace axis-parallel splits by 
hyperplanes defined through linear combinations of features  (Murthy et  al. 1994; Heath 
et al. 1993). Projection pursuit trees and forests choose splits along data-driven linear pro-
jections (Lee et al. 2013; da Silva et al. 2021). Optimization-based approaches learn sparse 
oblique splits by directly minimizing a training objective (Carreira-Perpiñán and Tavallali 
2018; Zharmagambetov and Carreira-Perpiñán 2020); related forest methods include sparse 
projection oblique random forests  (Tomita et  al. 2020). Other lines of work enrich trees 
by fitting local parametric structure [e.g., local linear forests (Friedberg et al. 2020)] or by 
learning feature-space rotations [rotation forests; Rodriguez et al. 2006]. While effective, 
these approaches typically commit to a single split geometry, most commonly hyperplanes, 
and therefore do not, within one greedy risk-reduction procedure, switch between qualita-
tively different cut types when the data call for it.

We address this gap by introducing Super Greedy Trees (SGTs). At each node, SGTs fit 
a lasso-penalized parametric model (Tibshirani 1996; Friedman et al. 2010) on the observa-
tions that fall in that node and use the fitted model to propose candidate multivariate geo-
metric cuts. Depending on the model class, the induced cut can be linear (a hyperplane) or 
curved, and the final split is chosen following a greedy empirical-risk reduction principle 
like CART. We call the method “super greedy” because each step searches over a richer, 
model-derived collection of splits than the coordinate-threshold search of CART. Moreover, 
when compared to model trees  (Quinlan 1992; Frank et al. 1998), which use parametric 
models primarily for terminal-node predictions, SGTs use them to define the splits.

This paper is organized as follows. Section  2 reviews related work on decision trees 
and multivariate splitting, emphasizing how split geometry and split-search procedures 
determine the induced partition class, stability, and empirical risk. Section  3 introduces 
SGTs, presents the lasso-based splitting rule, and develops theoretical properties, including 
that SGTs yield strictly richer partition spaces than conventional trees. Section 4 reports 
empirical results on simulated and real datasets. Section 5 presents a treadmill exercise ECG 
case study for predicting long-term mortality, illustrating how sparse local model fits can 
highlight interactions and subgroups. Section 6 discusses computational considerations and 
future directions.
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2  Split families, split-search rules, and prior methods

Tree algorithms differ in two closely related ways. First, they restrict the split family, 
meaning the geometric form of admissible cuts. Second, they specify a split search rule 
that chooses, at each node, a particular cut from that family, typically by maximizing the 
decrease in an impurity or loss criterion. We briefly review these choices for CART and 
for multivariate splitting methods, and we summarize related work that motivates the SGT 
framework.

We begin by recalling the split rule used by CART. A node corresponds to a region (cell) 
A ⊂ Rp. A univariate split on coordinate xl at threshold s produces two child regions

	 AL = {x ∈ A : xl ≤ s}, AR = {x ∈ A : xl > s},

where x = (x1, . . . , xp)T ∈ Rp and l ∈ {1, . . . , p}. Each split is a coordinate-parallel 
hyperplane orthogonal to the xl-axis, and repeated application partitions Rp into a collec-
tion of axis-parallel hyperrectangles (Figure 1 ). When the underlying decision boundary 
is nonlinear or driven by interactions, such rectangular partitions may require deep trees to 
approximate the target structure, which can increase variance and raise the risk of overfit-
ting (Breiman 1996). Recent work has also sharpened our understanding of the statistical 
behavior of CART-style trees in large-scale prediction settings, clarifying approximation 
and estimation tradeoffs and identifying settings in which trees remain competitive (Klu-
sowski and Tian 2024).

Beyond geometric restrictions, impurity-based split selection can exhibit variable-selec-
tion biases when predictors differ in scale, missingness patterns, or the number of candidate 
split points available for a given variable. Several algorithms seek to mitigate these effects 
using bias-corrected or statistically motivated split-selection rules, including QUEST (Loh 
and Shih 1997), GUIDE (Loh 2002), and the conditional inference framework  (Hothorn 
et al. 2006).

A richer family of partitions arises from multivariate cuts, where splits occur along 
hyperplanes of the form

	 β1x1 + · · · + βpxp ≤ α0.� (1)

Fig. 1  Comparison of axis-parallel CART partitions with richer greedy geometric cuts
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Given a node region A, such a cut produces AL = A ∩ {x : βT x ≤ α0} and 
AR = A ∩ {x : βT x > α0}. Recursive application yields leaf cells that are (typically) 
polyhedra described as intersections of half-spaces. These oblique splits can represent a 
broader class of decision boundaries than coordinate-threshold cuts. Even so, when the tar-
get boundary is curved or otherwise structured, hyperplane partitions may still require many 
splits unless the split geometry is chosen in a way that reflects local structure in the data.

Classical theory makes clear that both the split family and the split search rule can matter 
for statistical validity. Devroye et al.(1996,Ch. 20.8) give a “checkerboard” example show-
ing that a natural greedy tree rule based on coordinate-threshold splits can be inconsistent 
in certain classification settings (see also Ferreira (2022) for discussion of related issues in 
random forests). They also show that Bayes consistency can be recovered under mild con-
ditions by using appropriately designed greedy procedures and by controlling tree growth. 
More broadly, this line of work highlights that greedy procedures targeting empirical risk 
reduction can yield consistent classifiers, provided complexity is suitably regulated.

Related modern theory establishes consistency for oblique-tree and ensemble construc-
tions under mild conditions (Zhan et al. 2025), and provides unifying consistency results 
for random-forest-type algorithms under probabilistic impurity-decrease conditions that 
accommodate oblique regression tree methods  (Blum et  al. 2024). Complementing this 
theoretical picture, recent empirical work identifies settings where the standard CART split 
criterion can miss interaction structure, motivating alternative split search and partitioning 
schemes (Blum et al. 2025).

The idea that multivariate cuts can enhance tree-based learning has been explored exten-
sively (see Loh (2014) for a broad review). Some work considers rectangular or nested-rect-
angle splits to address limitations of simple univariate rules (Salzberg 1991; Wettschereck 
and Dietterich 1995; Frank and Witten 1998). However, much of the literature focuses on 
oblique trees with splits of the form (1). Cattaneo et al. (2024) showed that oblique regres-
sion trees can, in principle, match the accuracy of neural networks under similar regression 
models. Earlier studies by Heath et al. (1993), Murthy et al. (1994), and Brodley and Utgoff 
(1995) investigated induction using hyperplane splits. Projection pursuit classification 
trees (Lee et al. 2013) and projection pursuit forests (da Silva et al. 2021) provide a related 
approach by selecting splits through data-adaptive linear projections.

A complementary line of work improves the computational search for high-quality 
multivariate splits. Bertsimas and Dunn (2017) proposed optimal hyperplane trees using 
mixed-integer optimization. Related optimization-based approaches include scalable MIP 
formulations for optimal multivariate trees (Zhu et al. 2020), near-optimal nonlinear regres-
sion trees (Bertsimas et al. 2021), and MaxSAT-based methods for learning globally optimal 
oblique trees (Avellaneda 2025). Other procedures include tree alternating optimization for 
learning sparse oblique trees and forests  (Carreira-Perpiñán and Tavallali 2018; Zharma-
gambetov and Carreira-Perpiñán 2020), and SVM-based oblique regression trees such as 
TORS (Carta and Frigau 2025). Oblique tree ensembles were studied by Menze et al. (2011) 
and Tomita et al. (2020). Breiman (2001) introduced Forest-RC, which forms splits from 
linear combinations of inputs. Related developments include rotation forests  (Rodriguez 
et al. 2006; Blaser and Fryzlewicz 2016) and canonical correlation forests (Rainforth and 
Wood 2015), which incorporate feature correlations through rotated or CCA-based hyper-
plane splits. Oblique splits have also been incorporated into Bayesian tree models, including 
recent oblique BART constructions (Nguyen et al. 2025).
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Model-oriented approaches, such as local linear forests  (Friedberg et  al. 2020) and 
model trees  (Quinlan 1992; Frank et al. 1998), instead fit parametric models in terminal 
nodes to capture local structure. Related methods include logistic regression trees such as 
LOTUS  (Chan and Loh 2004), logistic model trees  (Landwehr et  al. 2005), and model-
based recursive partitioning (Zeileis et al. 2008), which combines parametric models with 
recursive partitioning via statistically guided splitting. These procedures typically retain 
univariate split geometry while improving within-node modeling.

Overall, current methods improve tree learners by adding multivariate splits or by using 
richer terminal nodel models, but most fix the split family in advance, often as hyperplanes, 
rather than selecting among qualitatively different cut geometries. Our approach departs 
from this by letting split geometry and prediction be determined locally from the data, 
which allows more targeted partitioning combined with greedy empirical risk reduction. 
This forms the basis of the Super Greedy Tree (SGT) framework developed in the next 
section.

3  Construction and greedy risk reduction

Having reviewed split families and split-search rules, we now describe how Super Greedy 
Trees (SGTs) are built. SGTs extend classical decision trees in two ways. First, node splits 
are defined by multivariate geometric cuts induced by a structured class of sparse parametric 
models. Second, tree growth follows a best-split-first (BSF) strategy. At each step, the algo-
rithm evaluates every current cell and carries out the split that yields the largest decrease in 
empirical risk. Standard recursive partitioning typically expands one node at a time accord-
ing to a fixed traversal order, such as depth-first or breadth-first.

Although SGTs can be applied more broadly, we focus on nonparametric regression. Let 
Y ∈ Y  be a scalar response and X ∈ X ⊆ Rp a (continuous) feature vector. The training 
data are (x1, y1), . . . , (xn, yn) ∈ X × Y , assumed to follow

	 yi = ψ(xi) + εi, ψ(x) = E[Y | X = x],

where ψ is the regression function. For any region A ⊆ X , let M(A) =
∑n

i=1 1{xi∈A} 
denote the number of training observations falling in A.

We build a sequence of partitions {Πk}k≥0, where Π0 = {X } and, after k splits, Πk 
contains k + 1 cells. At step k, the algorithm selects the cell A∗ ∈ Πk−1 with maximal 
empirical risk reduction and replaces it with two child cells A∗

L and A∗
R, yielding the refined 

partition Πk = (Πk−1 \ {A∗}) ∪ {A∗
L, A∗

R}. After K splits, the resulting piecewise estima-
tor has the form

	
ψ̂ΠK

(x) =
∑

A∈ΠK

ψ̂A(x) 1{x∈A},

where ψ̂A is a local model fitted using the observations falling in cell A. The entire proce-
dure is summarized in Algorithm 1. In the regression setting, empirical risk refers to the 
average training loss, and in particular the mean squared error when squared loss is used 
(which will be used in this paper). The quantity R(A) appearing in Algorithm 1 denotes the 
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decrease in empirical risk obtained by splitting A using its best permissible cut and refitting 
the two child models.

Algorithm 1  Super Greedy Tree (SGT)

Remark 1  At any stage of the algorithm, each current cell A carries a fitted local model ψ̂A 
that may vary over x ∈ A (in this paper, ψ̂A is a lasso fit within a parametric regression fam-
ily). When a cell A∗ is split into child cells A∗

L and A∗
R, the contribution ψ̂A∗ (x) 1{x∈A∗} in 

the piecewise predictor is replaced by

	 ψ̂A∗
L

(x) 1{x∈A∗
L

} + ψ̂A∗
R

(x) 1{x∈A∗
R

}.

If a cell is never split again, its current ψ̂A is the terminal-node predictor used for prediction.

Remark 2  Although SGT evaluates all cells at each step, model complexity is explicitly 
controlled. The tree is grown for a user-specified number of splits K (so the final partition 
has K + 1 terminal cells), analogous to pre-pruning by limiting depth or the number of 
leaves in CART. We also impose standard minimum node-size constraints. Candidate splits 
are only allowed if both child cells contain at least mmin observations. BSF changes the 
order in which regions are expanded, but for fixed (K, mmin) it does not enlarge the hypoth-
esis class beyond trees with at most K splits.

3.1  Class of parametric models for cuts

A key design choice is how candidate cuts are represented. In SGT, cuts are defined by 
thresholding the output of a parametric model fitted locally within each node. The same 
nodewise model is also used for within-node prediction, so the fitted model does double 
duty: it determines the split geometry and it provides the local regression predictor on that 
cell. Consequently, the model class must balance expressivity with computational tractabil-
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ity. It should be rich enough to induce flexible boundaries and accurate prediction, yet fast 
enough to fit repeatedly during tree growth.

We use models that are linear in parameters, but allow nonlinear dependence on the 
features through polynomial and interaction terms. Formally, we consider score functions 
of the form

	

ψA(x) = β0 +
p∑

l=1

βlxl +
p∑

l=1

βllx
2
l +

∑
1≤l1<l2≤p

βl1l2 xl1 xl2

+
∑

1≤l1≤l2≤l3≤p

βl1l2l3 xl1 xl2 xl3 + · · · ,

� (2)

where the ellipsis indicates additional higher-order terms when included.
In our experiments we typically include terms up to third order, which gives more than 

enough flexibility while remaining computationally tractable. Coefficients are estimated 
with the lasso  (Tibshirani 1996), encouraging sparse local structure and producing cut 
boundaries that are less sensitive to noisy (irrelevant) variables.

3.2  Permissible cuts and the space of geometric objects A

A permissible cut generalizes the usual tree split. In a classical CART node, left/right assign-
ment is determined by thresholding a single feature. In SGT, left/right assignment is deter-
mined by thresholding a fitted model from (2).

Formally, for a node region A, fit a local model to obtain ψ̂A. For any threshold s ∈ R, 
define the induced daughters

	 AL(s) = {x ∈ A : ψ̂A(x) ≤ s}, AR(s) = A\AL(s).

The allowable left daughters form a (node-dependent) class A(A) = {AL(s) : s ∈ R} 
determined by the chosen model family. To simplify notation we write A when the depen-
dence on A is clear. We refer to AL and AR as the left and right daughters, consistent with 
standard tree terminology. Figure 2 shows such a cut using an ellipse. The blue elliptical 
region is a permissible geometric object that becomes the left daughter AL, i.e. it is the split 
of A, and the remaining complementary set becomes the right daugter AR. Another example 
is given in n Figure 1b which displays rectangular cuts used to split the space.

Elliptical objects are one example of a shape induced by (2). Several familiar split fami-
lies arise as special cases. The following list summarizes a few.

	● CART splits. If all coefficients are zero except a single main effect, ψA(x) = β0 + βlxl, 
then thresholding ψA(x) ≤ s reduces to an axis-parallel split on xl at some threshold 
value (up to swapping the labels of left and right, depending on the sign of βl).

	● Hyperplane cuts. If ψA(x) = β0 +
∑p

l=1 βlxl, then ψA(x) ≤ s defines a half-space 
split 

∑p
l=1 βlxl ≤ (s − β0).

	● Quadratic (ellipsoidal) cuts. Using only squared terms, ψA(x) = β0 +
∑p

l=1 βllx
2
l , 

yields 
∑p

l=1 βllx
2
l ≤ (s − β0). When βll > 0 for all l and s − β0 > 0, this describes 

an ellipsoid. If some βll are zero, the set can be unbounded along the corresponding 
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directions.
	● Oblique quadratic (rotated ellipsoidal) cuts. More generally, rotated quadratic bounda-

ries can be written as xT Qx ≤ α0 with Q symmetric. When Q is positive definite and 
α0 > 0, this defines an ellipsoid, and cross-terms in (2) correspond to the off-diagonal 
entries of Q. In coordinates, this corresponds to 

	
ψA(x) = β0 +

p∑
l=1

βllx
2
l +

∑
1≤l1<l2≤p

βl1l2 xl1 xl2 .

 Allowing a nonzero center (x − µ)T Q(x − µ) ≤ α0 introduces linear terms, yielding 

	
ψA(x) = β0 +

p∑
l=1

βlxl +
p∑

l=1

βllx
2
l +

∑
1≤l1<l2≤p

βl1l2 xl1 xl2 .

More complex cuts involving higher-order polynomial interactions are also possi-
ble (Figure  3). Subfigure (a) corresponds to x2

1 − x2
2 − x2

3 ≤ α0, and subfigure (b) to 
x1x2x3 ≤ α0. Although we do not pursue it here, one can also induce interval cuts of the 
form α1 < ψA(x) ≤ α2. For example, subfigures (c) and (d) use the same score as (b) but 
apply an interval threshold. Subfigure (e) shows x2

1 − x2
2 − x2

3 + x1x2x3 ≤ α0, and subfig-
ure (f) uses the same form with interval boundaries α1 < x2

1 − x2
2 − x2

3 + x1x2x3 ≤ α2.

Fig. 2  Elliptical cut within a node region A for two-class data (class membership shown by red and black 
points). The blue ellipse is a permissible object AL ∈ A(A), producing left daughter AL and its comple-
ment right daughter AR = A \ AL
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Fig. 3  Examples of geometric cuts induced by the parametric score family (2)
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3.3  Splitting rule and empirical risk evaluation

Within a node A, the fitted model ψ̂A from the lasso induces a one-dimensional score 
z = ψ̂A(x), and candidate cuts correspond to thresholding this score. This groups observa-
tions with similar lasso-predicted values and yields partitions that reflect the structure of 
the fitted model in that node. The lasso also controls local complexity by selecting a sparse 
subset of terms in (2). This leads to simpler boundaries in small nodes, with more expressive 
boundaries appearing when the data support them.

Let I(A) = {i : xi ∈ A} and M = M(A) = |I(A)|. For convenience, re-index the 
observations in A as {(xA,m, yA,m)}M

m=1 and define the fitted scores ŷA,m = ψ̂A(xA,m). 
Order the scores:

	 ŷ
(1)
A ≤ ŷ

(2)
A ≤ · · · ≤ ŷ

(M)
A .

Given ψ̂A, a natural threshold search considers the M − 1 cutpoints between consecutive 
ordered scores. Evaluating the full risk reduction for each cutpoint would require repeated 
refits within the candidate daughters, which is computationally expensive. We therefore 
select a threshold using a fast one-dimensional criterion computed from the ordered scores, 
and then evaluate empirical risk reduction using refitted daughter models.

For m ∈ {1, . . . , M − 1}, define the split statistic

	
δ̂A(m) =

∑
i≤m

(
ŷ

(i)
A − 1

m

∑
j≤m

ŷ
(j)
A

)2
+

∑
i>m

(
ŷ

(i)
A − 1

M − m

∑
j>m

ŷ
(j)
A

)2
.� (3)

This is the within-group sum of squares obtained by splitting the ordered scores into 
{ŷ

(1)
A , . . . , ŷ

(m)
A } and {ŷ

(m+1)
A , . . . , ŷ

(M)
A } and using a constant fit within each group. We 

then choose

	
m∗ ∈ arg min

mmin≤m≤M−mmin
δ̂A(m), s = 1

2

(
ŷ

(m∗)
A + ŷ

(m∗+1)
A

)
,

and define the induced daughters

	 AL = {x ∈ A : ψ̂A(x) ≤ s}, AR = {x ∈ A : ψ̂A(x) > s}.

To evaluate the empirical risk reduction from splitting A, we refit the lasso separately within 
each daughter, yielding ψ̂AL  and ψ̂AR . The (squared-error) empirical risk reduction is

	
R(A) =

∑
xi∈A

(yi − ψ̂A(xi))2 −

{ ∑
xi∈AL

(yi − ψ̂AL
(xi))2 +

∑
xi∈AR

(yi − ψ̂AR
(xi))2

}
.

At step k, R(A) is computed for all cells A ∈ Πk−1, and the procedure selects the cell A∗ that 
maximizes R(A). The corresponding daughters replace A∗ to form Πk, and the tree predictor 
is updated by replacing the term ψ̂A∗ (x) 1{x∈A∗} with ψ̂A∗

L
(x) 1{x∈A∗

L
} + ψ̂A∗

R
(x) 1{x∈A∗

R
}. 

The procedure repeats until K splits have been performed.
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3.4  Partitioning number and the size of the tree class

SGTs permit multivariate geometric cuts, so the induced class of tree partitions can be far 
richer than that of CART. To quantify the size of this partition space, we use two standard 
combinatorial quantities from statistical learning theory. The first is the shatter coefficient 
of the underlying cut class, and the second is the partitioning number of the resulting k-split 
tree class.

Definition 1  Let ζ1, . . . , ζn be vectors in Rp, and let A be a collection of sets in Rp. Define

	
N(A, ζ1, . . . , ζn) :=

∣∣∣{{ζ1, . . . , ζn} ∩ A : A ∈ A
}∣∣∣,

the number of distinct subsets of {ζ1, . . . , ζn} induced by intersections with A. The n-shat-
ter coefficient of A is

	
s(A, n) = max

ζ1,...,ζn∈Rp
N(A, ζ1, . . . , ζn).

For convenience, set s(A, 0) := 0.
The quantity s(A, n) is the maximum number of different subsets of n points in Rp that 
can be realized as S ∩ A with A ∈ A. It is useful to keep in mind the following examples. 

E1.	Let A be the class of all axis-parallel p-dimensional rectangles. Then s(A, n) ≤ n2p+1 
for n > 4p Devroye et al.(1996, Theorems 13.3 and 13.8).

E2.	Let A be the class of all half-spaces in Rp. Then s(A, n) ≤ np (Cover 1965).
E3.	By  Devroye et al.(1996, Theorem 13.9) (see also Cover (1965); Steele (1975); Dud-

ley (1978)), if V  is a finite-dimensional real vector space of functions on Rp with 
dim(V) = V ≥ 1, then the class { {x : g(x) ≤ 0} : g ∈ V } has shatter coefficient at 
most nV + 1 ≤ nV +1.

These examples show how the shatter coefficient measures the richness of a single cut fam-
ily. For trees, we also need a notion that counts how many distinct partitions can be obtained 
by applying such cuts successively.

Let Pk = Pk(A) denote the family of partitions of Rp into k + 1 cells obtainable by 
starting from Π0 = {Rp} and performing k successive binary splits, each split replacing one 
current cell A by A ∩ T  and A ∩ T c for some T ∈ A. For design points x1, . . . , xn ∈ Rp, 
write S = {x1, . . . , xn} and define the restriction of a partition Π to S by

	 Π ∩ S := {A ∩ S : A ∈ Π, A ∩ S ̸= ∅}.

Let ρx(Pk, S) be the number of distinct restricted partitions Π ∩ S over Π ∈ Pk. The par-
titioning number (Lugosi and Nobel 1996) is

	
ρ(Pk, n) = max

x1,...,xn∈Rp
ρx(Pk, {x1, . . . , xn}),
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the maximum number of distinct clusterings of n points induced by k-split partitions from 
Pk.

Theorem 1  If the shatter coefficient s(A, n) is convex in n, then ρ(Pk , n) ≤ s(A, n)k .

Theorem 1 shows that, after k splits, an upper bound on the combinatorial size of the 
induced tree class is given by the shatter coefficient of the base cut family. Although s(A, n) 
is only an upper bound, it makes clear how a richer geometric cut class can enlarge the col-
lection of candidate partitions available to a greedy risk-reduction procedure. For intuition, 
consider rectangles in R2 with n = 4 points. In this case, rectangles can realize all 24 = 16 
subsets of the four points, so s(A, 4) = 16 (Figure 4).

In terms of growth rates, half-spaces in Rp satisfy s(A, n) = O(np) (Example E2). Coor-
dinate-threshold (CART) stumps are contained in this family, so their shatter coefficient is 
no larger. Axis-parallel rectangles satisfy s(A, n) ≤ n2p+1 (Example E1). Finally, if A is 
induced by a finite-dimensional parametric score family such as (2) truncated at degree three, 
then Example E3 yields s(A, n) ≤ nV +1 with V = O(p3). Therefore ρ(Pk, n) ≤ nO(kp3). 
This growth helps explain why permitting richer cut geometries can allow larger empirical 
risk reductions than coordinate-threshold splits and purely linear cut families.

Proof  Fix design points x1, . . . , xn and write S = {x1, . . . , xn}. For k = 1, each partition 
in P1 corresponds to choosing T ∈ A and splitting Rp into T and T c. The number of distinct 
restricted two-cell partitions of S is therefore at most N(A, x1, . . . , xn) ≤ s(A, n).

Fig. 4  24 = 16 rectangles separating n = 4 points in p = 2 dimensions
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Now suppose k ≥ 2 and consider any restricted partition of S arising from Pk−1. Let 
its nonempty cells be A1, . . . , Ar, with r ≤ k and with m1, . . . , mr points in the cells 
(
∑r

j=1 mj = n). To refine this partition by one additional split, we choose one nonempty 
cell Aj  and split it using some T ∈ A. The number of distinct refinements obtainable by 
splitting Aj  is at most s(A, mj), so the total number of distinct refinements of the restricted 
partition is bounded by 

∑r
j=1 s(A, mj).

Convexity of s(A, ·) implies superadditivity  (Bruckner 1962). 
For 0 ≤ m ≤ n, letting λ = m/n, convexity and s(A, 0) = 0 give 
s(A, m) = s(A, λn) ≤ λs(A, n) and s(A, n − m) ≤ (1 − λ)s(A, n), hence 
s(A, m) + s(A, n − m) ≤ s(A, n). Iterating this inequality yields 

∑r
j=1 s(A, mj) ≤ s(A, n). 

Therefore each restricted (k − 1)-split partition of S admits at most s(A, n) distinct restricted 
k-split refinements, and so ρx(Pk, S) ≤ s(A, n) ρx(Pk−1, S). Iterating from the base case 
k = 1 gives ρx(Pk, S) ≤ s(A, n)k, and maximizing over S yields the claim. � □

3.5  Greediness of splits and empirical risk minimization

Theorem 1 bounds the number of distinct k-split partitions that can be induced on n points. 
Together with the examples in the previous subsection, it indicates that permitting multi-
variate cuts can greatly increase the number of data partitions available after k splits. This 
added flexibility can lower approximation error, but it can also increase estimation error. We 
first make the approximation gain explicit for a single split, and then relate empirical and 
population risk through partitioning numbers and within-leaf model complexity. This shows 
that, when tree size and within-leaf model complexity are controlled, the added flexibility of 
SGTs can translate into smaller population risk and improved test performance.

3.5.1  One-split families

Consider two one-split regression classes.

	● H(1)
CART is the class of all one-split CART regressors with a coordinate-threshold cut and 

constant predictions in each daughter, 

	 f(x) = cL 1{xl≤s} + cR 1{xl>s}, l ∈ {1, . . . , p}, s ∈ R, cL, cR ∈ R.

	● H(1)
SGT is the class of all one-split SGT regressors obtained by choosing a permissible 

cut AL ∈ A of the form AL = {x : g(x) ≤ s} for some g from the parametric score 
class (2) and threshold s ∈ R, with AR = X \ AL, together with within-region predic-
tors φL, φR from the same parametric family, 

	 f(x) = φL(x) 1{x∈AL} + φR(x) 1{x∈AR}.

We compare the best achievable population risk in these two classes. For a function class H, 
we refer to inff∈H R(f) as its oracle risk, the smallest population risk attainable within H.

Proposition 1  Let R(f ) = E[(Y − f (X))2 ] denote population risk under squared loss, 
where Y = ψ(X) + ε, ψ(x) = E[Y | X = x], E[ε | X] = 0 , and E[ε2 | X] = σ2 . Assume: 

(i)	 The parametric class in (2) contains all constants and all single-coordinate linear 
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functions xl, so H(1)
CART ⊆ H(1)

SGT.
(ii)	 The true regression function ψ belongs to this parametric class.
Then

	
inf

f ∈H(1)
CART

R(f ) − inf
f ∈H(1)

SGT

R(f ) = inf
f ∈H(1)

CART

E[(ψ(X) − f (X))2 ] ≥ 0 ,

with equality if and only if ψ coincides almost surely with an element of H(1)
CART.

Proof  Under squared loss,

	 R(f) = E[(ψ(X) − f(X))2] + σ2.

By (ii), ψ ∈ H(1)
SGT (take φL = φR = ψ), hence inf

f∈H(1)
SGT

R(f) = σ2. The identity follows 

immediately, and the equality condition is exactly inf
f∈H(1)

CART
E[(ψ(X) − f(X))2] = 0. �□

Proposition 1 shows that enlarging the cut family and the within-region model family 
cannot worsen oracle risk. The improvement is exactly the L2 approximation error of the 
CART one-split class,

	
ECART(ψ) = inf

f∈H(1)
CART

E[(ψ(X) − f(X))2].

Whenever ψ cannot be represented by a single coordinate-threshold split with two constants, 
ECART(ψ) > 0 and the oracle SGT one-split class achieves strictly smaller population risk.

To connect this with empirical risk, define

	
Rn(f) = 1

n

n∑
i=1

(yi − f(xi))2.

Writing yi = ψ(xi) + εi and taking expectation conditional on x1, . . . , xn yields, for each 
fixed f,

	
E[Rn(f) | x1, . . . , xn] = 1

n

n∑
i=1

(ψ(xi) − f(xi))2 + σ2.

Thus the conditional expected empirical risk depends on f only through its squared error on 
the observed design points. This motivates the empirical approximation errors

	
ECART,n(ψ) = inf

f∈H(1)
CART

1
n

n∑
i=1

(ψ(xi) − f(xi))2, ESGT,n(ψ) = inf
f∈H(1)

SGT

1
n

n∑
i=1

(ψ(xi) − f(xi))2.

Since H(1)
CART ⊆ H(1)

SGT, we always have ESGT,n(ψ) ≤ ECART,n(ψ).
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Actual fitting minimizes Rn(f) using the observed responses, so a richer class can also 
reduce Rn(f) by fitting noise. To ensure that empirical risk reductions translate into popula-
tion improvements, we control the uniform deviation

	
sup
f∈H

|Rn(f) − R(f)|.

Indeed, for any class H,

	

∣∣∣∣ inf
f∈H

Rn(f) − inf
f∈H

R(f)
∣∣∣∣ ≤ sup

f∈H
|Rn(f) − R(f)|,

so uniform control of |Rn − R| implies that the empirical and population oracle risks are 
close.

3.5.2  Generalization control via partitioning numbers

A richer split family can lower approximation error because it enlarges the set of partitions 
the tree can express. The same enlargement can also increase estimation error because there 
are more ways to fit a finite sample. To ensure that decreases in training risk correspond 
to improved population performance, we control the uniform gap between empirical and 
population risk over the class of k-split trees.

For simplicity, assume a bounded problem with |Y | ≤ B, and suppose all candidate 
predictors are clipped so |f(x)| ≤ B for every f ∈ H(k) and x ∈ X . Let Pk denote the 
family of partitions induced by k splits (with at most k + 1 cells), and let H(k) denote the 
associated class of k-split trees. Terminal node predictors are drawn from a fixed bounded 
within-node family F  (for example, clipped lasso fits). Write dleaf = dleaf(F) for a finite 
complexity index of F , such as its pseudo-dimension (VC-subgraph dimension). Under the 
fixed-dictionary setting considered here (fixed hcut and fixed feature dimension p), dleaf 
is a constant determined by the chosen within-node model class and does not depend on n.

For partition-based classes, a VC-type deviation inequality (see, for example, Lugosi and 
Nobel(1996, Proposition 1 and Lemma 1) and Lugosi and Nobel (1996, Lemma 1)) gives a 
tail bound of the form

	
P

(
sup

f∈H(k)
|Rn(f) − R(f)| > t

)
≤ C0 ρ(Pk, n) ϕ(t)k+1 exp

(
−c0

nt2

B4

)
,

where ϕ(t) captures the complexity of the within-node family F  through a covering number 
(or entropy) bound. For many bounded parametric families, ϕ(t) can be taken to be polyno-
mial in 1/t, with degree controlled by dleaf. In our setting, F  is a class of regularized linear 
predictors over a fixed dictionary of basis terms, so one can appeal to empirical covering-
number results; see, for example, Zhang (2002).

Inverting the tail bound yields that for any δ ∈ (0, 1),
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sup

f∈H(k)
|Rn(f) − R(f)| ≲ B2

√
log ρ(Pk, n) + (k + 1) dleaf log n + log(1/δ)

n
� (4)

with probability at least 1 − δ. In particular, for any (data-dependent) estimator f̂ ∈ H(k),

	
R(f̂) ≤ Rn(f̂) + C B2

√
log ρ(Pk, n) + (k + 1) dleaf log n + log(1/δ)

n
,

and if f̂ERM ∈ arg minf∈H(k) Rn(f), then

	
R(f̂ERM) ≤ inf

f∈H(k)
R(f) + 2C B2

√
log ρ(Pk, n) + (k + 1) dleaf log n + log(1/δ)

n
.

By Theorem 1, log ρ(Pk, n) ≤ k log s(A, n). Hence, if s(A, n) grows polynomially in n (as 
in Examples E1–E3), then log ρ(Pk, n) = O(k log n) and the estimation term in (4) scales 
as

	
O

(√
(k + (k + 1) dleaf) log n

n

)
.

In particular, if k = kn satisfies kn log n/n → 0, then empirical and population risks are 
uniformly close over H(kn). Under this type of scaling, richer cut families can reduce 
approximation error without sacrificing generalization, provided tree size is controlled. 
Equivalently, if increasing hcut lowers the oracle term inff∈H(kn) R(f), then the popula-
tion risk of the empirically fit tree can also decrease.

3.5.3  A simple example with an oblique split

To give an explicit illustration of how SGTs can reduce risk, consider p = 2 with 
X = (X1, X2) uniformly distributed on [−1, 1]2 and

	
ψ(x) =

{ +1, x1 + x2 > 0,
−1, x1 + x2 ≤ 0.

This is a two-region model separated by the oblique hyperplane x1 + x2 = 0. A one-split 
SGT with permissible cuts including {x1 + x2 ≤ 0} represents ψ exactly by assigning con-
stants −1 and +1 in the two daughters. Hence

	
ESGT(ψ) := inf

f∈H(1)
SGT

E[(ψ(X) − f(X))2] = 0, inf
f∈H(1)

SGT

R(f) = σ2.

We now compute the best one-split CART approximation. By symmetry it suffices to consider 
coordinate-threshold splits of the form {X1 ≤ s} with s ∈ (−1, 1). Let L = {X1 ≤ s} and 
R = {X1 > s}, with optimal constants cL(s) = E[ψ(X) | L] and cR(s) = E[ψ(X) | R]. 
For x1 ∈ [−1, 1],
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	P(ψ(X) = +1 | X1 = x1) = P(X2 > −x1) = 1 + x1

2
, P(ψ(X) = −1 | X1 = x1) = 1 − x1

2
,

so

	
E[ψ(X) | X1 = x1] = 1 + x1

2
− 1 − x1

2
= x1.

Therefore,

	

cL(s) =E[ψ(X) | X1 ≤ s] = E[X1 | X1 ≤ s] = s − 1
2

cR(s) =E[ψ(X) | X1 > s] = E[X1 | X1 > s] = s + 1
2

.

Because ψ(X) ∈ {−1, 1}, we have Var(ψ(X) | ·) = 1 − E[ψ(X) | ·]2, so

	
Var(ψ(X) | X1 ≤ s) = 1 −

(s − 1
2

)2
, Var(ψ(X) | X1 > s) = 1 −

(s + 1
2

)2
.

Using P (X1 ≤ s) = (s + 1)/2 and P (X1 > s) = (1 − s)/2, the approximation error of a 
one-split CART tree at threshold s is

	

ECART(ψ; s) = E[(ψ(X) − cL(s))21{X1≤s}] + E[(ψ(X) − cR(s))21{X1>s}]

= s + 1
2

Var(ψ(X) | X1 ≤ s) + 1 − s

2
Var(ψ(X) | X1 > s)

= s2

4
+ 3

4
.

This is minimized at s = 0, giving ECART(ψ) = 3/4. The same value arises for splits on 
X2, so

	
inf

f∈H(1)
CART

R(f) = σ2 + 3
4

.

Therefore the oracle SGT one-split tree achieves risk σ2, whereas the oracle CART one-split 
tree must incur an additional ECART(ψ) = 3/4 units of squared error because its partitions 
cannot represent the oblique boundary. For example, if σ2 = 1/4, then the best one-split 
CART tree has risk 1, while the oracle SGT tree achieves risk 1/4.

4  Empirical results

The previous section shows that enlarging the class of permissible cuts can reduce approxi-
mation error and, with appropriate complexity control, improve prediction performance. In 
practice, however, the best-split-first (BSF) search used by SGTs evaluates many candidate 
splits and can overfit if the tree is grown too large or if the local split models are unstable. 
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Our implementation therefore includes several stabilization steps. We cap the number of 
splits at K, we enforce minimum node sizes mmin, we use lasso regularization for all local 
models, we apply feature filtering to reduce the candidate dictionary, we select the cut-fam-
ily index hcut (defined below) by cross-validation, and we include an out-of-bag (OOB) 
stability guard that falls back to CART when a model-based split fails to improve held-out 
error. Algorithm 2 summarizes the full procedure.

To separate the effect of split geometry from the stabilization components, the experi-
ments in this section are organized into two groups. Sections 4.3–4.5 provide controlled 
illustrations designed to compare directly to CART. In these illustrations, the cut family is 
fixed in advance and the adaptive components (automatic hcut  selection and the OOB 
stability guard) are disabled. Sections  4.6–4.7 report large-scale synthetic and real-data 
benchmarking studies using our recommended pipeline, which includes filtering, adaptive 
hcut selection, and the OOB-based stability guard.

4.1  Software and model families

4.1.1  Software

All experiments were conducted using the R package randomForestSGT, developed 
for implementing SGTs. Local lasso models are fit by coordinate descent, with the pen-
alty parameter chosen by 10-fold cross-validation. Tree growth is controlled by the num-
ber of splits K, and all candidate splits must satisfy the minimum node-size constraints 
M(AL) ≥ mmin and M(AR) ≥ mmin (as in Algorithm 1), where M(A) denotes the sample 
size of cell A.

4.1.2  Model families indexed by hcut 

Candidate split functions are generated from the parametric expansion in (2). In our imple-
mentation, hcut  indexes a nested sequence of polynomial families with increasing 
richness: 

0.	 hcut = 0: CART axis-aligned splits.
1.	 hcut = 1: intercept plus linear terms {xl}p

l=1 (hyperplane cuts).
2.	 hcut = 2: adds quadratic main effects {x2

l }p
l=1.

3.	 hcut = 3: adds all pairwise interactions {xl1 xl2 }l1<l2  (full quadratic forms).
4.	 hcut = 4: adds cubic monomials involving at most two variables (e.g., x3

l , x2
l xm, 

xlx
2
m).

5.	 hcut = 5: adds selected quartic monomials involving up to three variables (e.g., 
x2

l xmxr).
6.	 hcut = 6: adds all three-way interactions {xl1 xl2 xl3 }l1<l2<l3 .

Each level contains all terms from earlier levels. Increasing hcut enlarges the candidate 
dictionary and can reduce bias, but it can increase variance in small nodes and under strong 
collinearity. This motivates the safeguards described next.
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Algorithm 2  SGT implementation with filtering and OOB stability guard
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4.2  Filtering, stability safeguards, and complexity control

4.2.1  Feature filtering

To improve runtime and reduce variance when p is large, we apply a filtering step to reduce 
the effective predictor set before fitting the final tree. Each terminal cell A yields a lasso 
fit with coefficient vector β̂A. In high-dimensional settings, we first grow a shallow pilot 
tree with hcut = 1 and retain predictors that appear with a nonzero coefficient in at least 
one terminal-cell fit. We then grow a second shallow pilot tree using the target hcut and 
filter again in the same way. This reduces the effective dimension from p to pF  used in (2), 
shrinking the candidate dictionary and improving stability. In low dimensions, the first pilot 
step is omitted.

4.2.2  Choosing hcut 

The parameter hcut controls a bias–variance tradeoff. Larger hcut can reduce bias by 
enabling more flexible boundaries, but it increases the candidate dictionary and can increase 
variance in small nodes. In the benchmarking studies (Sections 4.6–4.7), our default strategy 
selects hcut by cross-validation over a prespecified candidate set. In the controlled illus-
trations (Sections 4.3–4.5), hcut is fixed in advance to isolate the effect of cut geometry.

4.2.3  OOB stability guard against split-selection bias

BSF search evaluates many candidate splits across all current cells and selects the glob-
ally best one. Even when K is fixed, this global maximization can introduce optimistic 
bias in training-set risk reduction, especially when local lasso fits are unstable, for example 
in small cells or under strong collinearity. We mitigate this effect using an OOB stability 
guard whenever OOB data are available, such as when growing a tree on a bootstrap in-bag 
sample. This guard is enabled in the benchmarking studies (Sections 4.6–4.7).

Consider a tree grown on in-bag indices I ⊂ {1, . . . , n}, with OOB indices 
O = {1, . . . , n} \ I. For a cell A, define O(A) = {i ∈ O : xi ∈ A}, and similarly for 
O(AL) and O(AR). Let (AL, AR) be a candidate split learned from the in-bag data in A, 
with fitted models ψ̂A, ψ̂AL , and ψ̂AR  trained on I ∩ A, I ∩ AL, and I ∩ AR, respectively. 
The OOB risk reduction of this split is

	
ROOB(A) =

∑
i∈O(A)

(yi − ψ̂A(xi))2 −


 ∑

i∈O(AL)

(yi − ψ̂AL
(xi))2 +

∑
i∈O(AR)

(yi − ψ̂AR
(xi))2


 .

At cell A, we compute RSGT
OOB(A) for the model-based candidate split induced by the chosen 

hcut value. We also compute RCART
OOB (A) for the best CART coordinate-threshold split at 

the same cell. The CART split is learned on the in-bag data and evaluated on the same OOB 
points. When evaluating the CART candidate, we use the same parent predictor in the first 
term and replace the daughter predictors by the CART daughter in-bag sample averages. 
Since the parent term is identical in both calculations, this comparison reduces to which set 
of daughters yields smaller OOB error. If
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	 RCART
OOB (A) > RSGT

OOB(A),

we use the CART split at A and restrict the entire subtree rooted at A to CART coordinate-
threshold splits by setting hcut   = 0 for all descendants of A. Because this decision is 
driven by held-out error, it targets generalization performance directly and reduces the opti-
mistic bias of global training searches.

4.2.4  Summary of complexity controls and stabilization

Algorithm 2 controls complexity and encourages stability at multiple levels:

	● Tree size and node size. K caps the number of splits, and the minimum node-size con-
straint prevents splitting small cells. BSF is an aggressive search strategy, but for fixed 
(K, mmin) it does not expand the tree class beyond trees with at most K splits.

	● Dictionary size. hcut determines the candidate dictionary in (2), and filtering reduces 
the effective dimension from p to pF .

	● Local regularization. Lasso shrinkage, with a cross-validated penalty, stabilizes split-
defining models and induces sparsity.

	● Guard against instability. The OOB stability rule reverts to CART when model-based 
splits do not improve held-out performance.

In principle, K can also be selected by cross-validation or by OOB criteria. In the experi-
ments below we report results for fixed values of K specified in each study, since the safe-
guards above already yielded stable performance.

4.3  Flexibility of cuts

We begin with a controlled, noiseless regression example designed to separate the effect of 
cut geometry from the effect of the induction strategy. Throughout this subsection, all trees 
are grown using the same best-split-first (BSF) procedure and the same number of splits 
K. The only component that changes across fits is the permissible cut family indexed by 
hcut associated with the local polynomial dictionary. Setting hcut = 0 restricts splits to 
standard coordinate-threshold (CART) cuts while still using BSF. We therefore use hcut 
= 0 as an axis-parallel BSF baseline (“best-first CART”) for isolating the role of split 
geometry.

Data are generated from the noiseless nonlinear model

	 Y = ψ(X1, X2) = β sin(πX1X2), β = 10,

with features X1, . . . , Xp
iid∼Unif(0, 1). We draw n = 1000 observations and include 

p = 1002 predictors, consisting of the two signal variables X1, X2 and 1000 additional 
variables independent of Y. Since ε ≡ 0, the response is deterministic given the predictors, 
so training risk reflects how well the fitted tree approximates ψ on the observed design 
points. At the same time, because the feature set contains many irrelevant variables, a suf-
ficiently large tree could still overfit through chance correlations. The tree size is fixed and 
we compare only the effect of changing hcut .

1 3

Page 21 of 40  _####_



H. Ishwaran

The top-left panel of  Figure 5 shows the true regression surface ψ(x1, x2). The remain-
ing panels show fitted surfaces obtained from the same training sample under different 
hcut values, all grown with K = 40 splits and plotted using identical contour levels. With 
hcut = 0 (axis-parallel BSF baseline), the fitted surface exhibits the familiar piecewise-
constant form induced by coordinate-threshold cuts. Allowing hyperplane cuts (hcut = 1) 
yields a smoother approximation. Increasing hcut  further produces reconstructions that 
more closely track the nonlinear structure of ψ.

4.4  Efficient risk reduction

We next examine how richer cut families translate into more efficient empirical risk reduc-
tion on a standard benchmark. We again keep the induction strategy fixed (BSF) and vary 
only the permissible cut family through hcut .

We use the friedman1 regression model

Fig. 5  Noiseless nonlinear regression surface and fitted SGT surfaces under increasing cut-family com-
plexity. All fits use the same BSF growth strategy with K = 40 splits; hcut= 0 is the axis-parallel BSF 
baseline (best-first CART)

 

1 3

_####_  Page 22 of 40



Super greedy trees

	 Y = ψ(X) + ε, ψ(x) = 10 sin(πx1x2) + 20(x3 − 0.5)2 + 10x4 + 5x5,

where Xj
iid∼Unif(0, 1) for j = 1, . . . , p and ε ∼ N(0, 1). We set n = 500 and p = 10 (five 

signal and five noise variables). We compare the axis-parallel BSF baseline (hcut = 0) to 
SGT with richer cuts (hcut = 3), with tree size fixed at K = 1, . . . , 50 in both cases. Here 
out-of-bag (OOB) data are used only for evaluation, and the OOB stability guard is disabled.

To track both training and held-out performance along the growth path, each tree is 
trained on a randomly selected in-bag subset of size ⌊0.632 n⌋, with the remaining observa-
tions used for evaluation and referred to as OOB for consistency with the ensemble setting. 
Results from 100 independent replications are summarized in Figure 6. The top and bottom 
panels show in-bag and OOB risk, respectively, as a function of the number of splits (box-
plots across replications). The SGT fit (hcut = 3) attains lower risk than the axis-parallel 
baseline across splits. This performance is consistent across both training (inbag) and test 
(OOB) risk evaluations

Fig. 6  Empirical risk along the BSF growth path for the friedman1 simulation. The plot compares the 
axis-parallel BSF baseline (hcut= 0) to SGT with richer cuts (hcut= 3). Boxplots summarize 100 
independent runs
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4.5  Robustness to “checkerboard”-type problems

We next consider a “checkerboard”-type example adapted from Ferreira (2022), general-
izing the construction discussed by Devroye et al. (1996); Biau et al. (2008). The key dif-
ficulty is that the response depends on a joint configuration of two variables, while neither 
variable is marginally predictive. In such settings, trees restricted to coordinate-threshold 
splits can be slow to uncover the relevant structure because candidate splits are driven by 
univariate associations with the response. This limitation persists even under BSF growth. 
BSF can prioritize which region to split next, but if the cut family cannot express the needed 
joint feature, many splits may still be required to approximate the target.

We generate data from a latent-switch regression model

	 Y = 1{X1=X2} f(X) +
(
1 − 1{X1=X2}

)
g(X) + ε,

where X1, X2 ∼ Bernoulli(1/2) independently, X3, . . . , X10
iid∼N(0, 1), and 

ε ∼ N(0, 0.12). The two functions are

	
f(x) =

10∑
j=3

αjx2
j , g(x) =

10∑
j=3

βjx2
j ,

with αj = signal · (j − 2) for j = 3, 4 and αj = 0 otherwise, and βj = −αj/2. We set 
signal = 3. Here X1 and X2 act as latent switches. When X1 = X2, the regression sur-
face is convex in (X3, X4), while when X1 ̸= X2 it is concave.

We fit BSF trees using the same number of splits and vary only the cut-family index 
hcut . Contour plots for hcut  ∈ {0, 1, 2, 3} are shown in Figure 7 for n = 5000. When 
hcut = 0 (axis-parallel BSF baseline), the fitted surfaces show little separation between 
the X1 = X2 and X1 ̸= X2 settings. As hcut increases, the fitted surfaces separate these 
cases more clearly. By hcut = 3, which includes pairwise interaction terms that can 
encode the switching structure, the fitted contours closely track the target pattern. On the 
X1 = X2 side, contours concentrate near the edges, reflecting the convex surface, while on 
the X1 ̸= X2 side the surface peaks near the center, reflecting the concave surface.

4.6  Synthetic benchmark analysis

We evaluated predictive accuracy on 20 synthetic prediction problems that vary in sample 
size n, dimension p, and functional form (linear, nonlinear, and mixed). Each method was 
evaluated on an independently drawn test set, and prediction error was standardized by 
dividing by the sample variance of the observed response. Each experiment was repeated 
100 times.

The data-generating models are listed below. 

1.	 cobra2. ψ(x) = x1x2 + x2
3 − x4x7 + x8x10 − x2

6, Xj ∼ U(−1, 1), ε ∼ N(0, 0.12).
2.	 cobra8. Y = 1{x1+x3

4+x9+sin(x2x8)+ε>0.38}, Xj ∼ U(−0.25, 1), ε ∼ N(0, 0.12).
3.	 friedman1. ψ(x) = 10 sin(πx1x2) + 20(x3 − 0.5)2 + 10x4 + 5x5, Xj ∼ U(0, 1), 

ε ∼ N(0, 1).
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Fig. 7  Estimated regression surfaces under increasing hcut for the switching latent-variable simulation. 
Each panel shows a contour plot over the x3–x4 plane, conditioned on fixed values of x1 and x2. All fits 
use the same BSF growth strategy; hcut= 0 is the axis-parallel BSF baseline
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4.	 friedman2. ψ(x) =
√

x2
1 +

(
x2x3 − 1

x2x4

)2, X1 ∼ U(0, 100), X2 ∼ U(40π, 560π), 

X3 ∼ U(0, 1), X4 ∼ U(1, 11), X5, . . . , Xp ∼ U(0, 1), ε ∼ N(0, 952).

5.	 friedman3. ψ(x) = arctan
(

x2x3− 1
x2x4

x1

)
, X1 ∼ U(0, 100), X2 ∼ U(40π, 560π), 

X3 ∼ U(0, 1), X4 ∼ U(1, 11), X5, . . . , Xp ∼ U(0, 1), ε ∼ N(0, 0.12).
6.	 inl1. ψ(x) = x1x2

2
√

|x3| + ⌊x4 − x5x6⌋, Xj ∼ U(−1, 1), ε ∼ N(0, 0.12).

7.	 inl2. ψ(x) = x3(x1 + 1)|x2| −
√

x2
5

|x4| + |x5| + |x6| , Xj ∼ U(−1, 1), ε ∼ N(0, 0.12).

8.	 inl3. ψ(x) = cos(x1 − x2) + arcsin(x1x3) − arctan(x2 − x2
3), Xj ∼ U(−1, 1), 

ε ∼ N(0, 0.12).
9.	 lm1. ψ(x) =

∑15
j=1 xj , Xj ∼ N(0, 1), ε ∼ N(0, 102).

10.	 lm2. ψ(x) = 2
∑15

j=1 xj , Xj ∼ N(0, 1), ε ∼ N(0, 102).

11.	 lm3. ψ(x) = 2
∑15

j=1 xj , Xj ∼ N(0, 1), ε ∼ N(0, 52).

12.	 lmi1. ψ(x) = 0.05f1(x) + exp(0.02f1(x)f2(x)), where f1(x) =
∑10

j=1 xj , 

f2(x) =
∑20

j=11 xj , Xj ∼ U(0, 1), ε ∼ N(0, 0.052).

13.	 lmi2. ψ(x) = 3(
∑15

j=1 xj)2, Xj ∼ N(0, 1), ε ∼ N(0, 1).

14.	 peak. ψ(x) = 25 exp(−0.5r2), r ∼ U(0, 3), Z1, . . . , Zp ∼ N(0, 1), Xj =
rZj√∑p

j=1 Z2
j

.

15.	 sup. ψ(x) = 10x1x2 + 0.25
x3x4 + 10x5x6

, Xj ∼ U(0.05, 1), ε ∼ N(0, 0.52).

16.	 sup2. ψ(x) = πx1x2
√

2x3 − arcsin(x4) + log(x3 + x5) − x9

x10

√
x7

x8
− x2x7, 

Xj ∼ U(0.5, 1).

17.	 xsup. Same as sup but with smaller n and larger p.
18.	 xsup2. Same as sup2 but with smaller n and larger p.

Simulations cobra2 and cobra8 are from Biau et al. (2016), and friedman1, friedman2, and 
friedman3 are from Friedman (1991). Unless noted otherwise, we set n = 1000 and p = 20, 
except for xsup and xsup2, where n = 500 and p = 200. For models in which ε is not speci-
fied above, we set ε ≡ 0.

In addition, we used the function regDataGen from the R package CORElearn. In 
these experiments the regression function switches between two settings,

	 ψ(x) = x4 − 2x5 + 3x6 or ψ(x) = cos(4πx4)(2x5 − 3x6),

with the choice determined by a latent switch variable. The simulation includes four discrete 
variables a1, a2, a3, a4, where a1 and a2 are informative about the switch, and continuous 
variables X1 and X2 that also carry information about the latent setting. We modified the 
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generator to allow additional noise variables distributed as U(0, 1). We considered the fol-
lowing two high-dimensional settings. 

19.	 corelearn1. a1, a2 and X1, X2 contain full information, n = 100, and 50 noise vari-
ables are added.

20.	 corelearn2. a1, a2 and X1, X2 contain full information, n = 100, and 200 noise vari-
ables are added.

4.6.1  Super greedy forests

To reduce variance while retaining the flexibility of deep trees, we use ensembles. We draw 
100 subsamples of size ⌊0.632 n⌋ without replacement and fit one tree per subsample. Pre-
dictions are averaged to form a Super Greedy Forest (SGF). We write SGF-h for a forest 
grown with hcut= h (for example, SGF-3 uses hcut= 3). We set K = 200 for SGF-0 
and K = 100 for all other SGFs. SGF-0 uses CART-style axis-parallel splits with random 
feature selection, and it represents a best-split-first analogue of random forests (RF). We 
also define SGF-opt as the SGF whose hcut value is chosen to minimize 10-fold cross-
validation error. For all forests with hcut> 0, we enable the OOB stability guard described 
in Section 4.2.

4.6.2  Comparison procedures

Comparison procedures include generalized boosted trees (GBT) (Friedman 2001) using the 
R package gbm (Greenwell et al. 2020), with up to 5000 trees tuned via 10-fold cross-vali-
dation. We also tested local linear forests (LLF) (Friedberg et al. 2020) using the R package 
gfr (Tibshirani et al. 2022), with ridge regularization and an option that performs lasso-
based feature selection (LLF-lasso), following the implementation guidelines in ​h​t​t​p​s​:​​/​/​g​r​f​​-​l​
a​b​s​.​​g​i​t​h​​u​b​.​i​o​​/​g​r​f​/​​a​r​t​i​c​l​​e​s​/​l​​l​f​.​h​t​m​l. Oblique random forests (ORF) were compared using the 
R package ODRF (Liu and Xia 2022), which optimizes linear combinations of features for 
splits. Finally, we include standard random forests (RF). RF is closest in spirit to SGF-0, but 
differences in induction and preprocessing motivate its separate inclusion.

4.6.3  Results

Standardized prediction errors for all 20 benchmark experiments are shown in  Figure 8. 
Overall performance is summarized in Figure 9 using a critical difference (CD) plot (Demšar 
2006), which reports the average rank of each method across datasets (lower is better) and 
connects groups that are not significantly different at the 5% level.

	● Overall. The CD plot in Figure 9 shows that SGFs with richer cut families tend to per-
form best on average. SGF-3 through SGF-5 and SGF-opt form the leading group, and 
SGF-2 is close behind with a slightly larger average rank. GBT follows next. RF, ORF, 
and SGF-0 have larger average ranks, while LLF generally improves on these methods 
and LLF-lasso improves further in several settings.

	● Linear models. In the linear experiments (lm1, lm2, lm3), methods with hyperplane or 
richer cuts outperform RF and SGF-0, which is consistent with known limitations of 
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coordinate-threshold forests on linear signals.
	● Quadratic terms and interactions. In models with strong quadratic and interaction struc-

ture (cobra2, lmi1, lmi2), RF performs poorly. In the most challenging cases (for ex-
ample, cobra2 and lmi2), the best performance is concentrated among GBT and SGF-2 
through SGF-5 (including SGF-opt).

	● Nonlinear models. SGFs, especially SGF-3 through SGF-5 and SGF-opt, perform well 
across nonlinear settings such as friedman1–3 and inl1–3. This demonstrates the abil-
ity of node-adaptive geometric cuts to approximate nonlinear structure even when split 
proposals come from a parametric family.

	● Larger p and smaller n. In high-dimensional, small-sample experiments (corelearn1, 

Fig. 8  Standardized prediction error in the synthetic benchmark study
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corelearn2, xsup, xsup2), methods with built-in regularization or dimensionality reduc-
tion (GBT, LLF-lasso, and SGFs with larger hcut) perform best.

	● Hyperplane cuts. SGF-1 (hyperplane cuts) performs similarly to LLF and improves 
upon ORF, while LLF-lasso improves upon both.

	● SGF-0 and RF. SGF-0 generally matches, and sometimes modestly improves upon, RF. 
The differences are more visible in the higher-dimensional settings (xsup, xsup2), where 
SGF-0 benefits from its filtering and split-selection implementation.

	● Choosing hcut. Increasing hcut improves SGF performance in most settings, al-
though very rich dictionaries can overfit in simpler problems. SGF-opt, which selects 
hcut by cross-validation, remains consistently competitive across datasets.

4.7  Evaluation on diverse benchmark datasets

To evaluate SGFs under diverse conditions, we selected regression problems from the Penn 
Machine Learning Benchmark (PMLB) repository  (Olson et al. 2017; Palaniappan et al. 
2025). After filtering for datasets with at most 2000 observations, at least 10 input features, 
and continuous outcomes, we retained 61 datasets.

Based on the synthetic benchmark, we compared SGF, RF, GBT, and LLF. For SGF 
we used SGF-opt, selecting hcut by cross-validation. Performance was evaluated using 
10-fold cross-validation, with prediction error standardized by the sample variance of Y. 
Each experiment was repeated 25 times independently.

Average ranks across datasets are summarized in n Figure 10 using a CD plot, and the 
corresponding performance values are shown in Figure 11. SGF and GBT achieve the best 
overall performance and are not significantly different at the 5% level, with SGF having a 
slightly smaller average rank. RF and LLF form a lower-performing group, with RF outper-

Fig. 9  Critical difference (CD) plot summarizing the average rank of each procedure across the 20 bench-
mark experiments in  Figure 8. Lower ranks indicate better performance. Horizontal bars connect meth-
ods that are not significantly different at the 5% level

 

1 3

Page 29 of 40  _####_



H. Ishwaran

forming LLF. Overall, SGF performs on par with boosted trees across this diverse collection 
of benchmark regression datasets.

5  Parametric and nonparametric insights in data analysis

In addition to predictive accuracy, the SGT framework provides interpretable parametric 
summaries of the fitted tree predictor. We use this idea in two specific ways. First, each split 
and each terminal-node predictor is defined by a sparse lasso-fit parametric model, so only 
a small set of terms is active within any node. The variables and interactions that matter in 
that region can therefore be seen directly from the nonzero coefficients. Second, for any 
covariate vector x, the fitted value can be decomposed into a sum of term-level contribu-
tions from individual variables and interactions. This gives an observation-level breakdown 
of how the prediction is assembled, which helps summarize associations between features 
and outcome.

These same local summaries extend naturally to ensembles. For an ensemble (SGF), we 
aggregate the nodewise coefficient information across trees, which yields summary values 

Fig. 11  Boxplots of standardized 
prediction error across datasets 
in the PMLB benchmark study

 

Fig. 10  Critical difference 
(CD) plot showing the average 
rank of each method across 61 
regression datasets from PMLB. 
Each experiment was repeated 
25 times using 10-fold cross-
validation. Lower ranks indicate 
better performance. Horizontal 
bars connect methods that are 
not significantly different at the 
5% level
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with the added benefit of being more stable. We illustrate these ideas using a clinical case 
study and synthetic benchmarks.

5.1  Predicting mortality using treadmill ECG and clinical data

We analyzed a clinical cohort of patients who underwent treadmill exercise testing for eval-
uation of suspected coronary artery disease. All patients had a clinically normal resting elec-
trocardiogram (ECG) and no prior history of cardiovascular disease at the time of testing. 
The dataset, previously analyzed in Gorodeski et al. (2009), includes n = 18,964 patients 
and more than p = 150 clinical and ECG-derived features.

The primary outcome was all-cause mortality. A total of 1,585 deaths (8%) occurred 
over a median follow-up of 10.7 years, with follow-up ranging from 5 to 17 years. To 
obtain a continuous response suitable for SGT regression, we first fit random survival for-
ests (RSF) (Ishwaran et al. 2008) to estimate patient-level survival functions. We then define 
the regression target y as the restricted mean survival time (RMST) (Irwin 1949; Andersen 
et al. 2004; Royston and Parmar 2011; Kim et al. 2017) up to a fixed horizon τ > 0,

	
RMST(τ) =

ˆ τ

0
S(t) dt,

where S(t) is the estimated survival probability at time t. We set τ = 10 years, a clinically 
meaningful horizon for long-term survival in this population.1

The RSF model used all available features. Clinical variables included demographics 
and medical history (e.g., sex, diabetes, hypertension, smoking) as well as exercise-related 
metrics such as heart rate recovery and exercise capacity. ECG-derived variables captured 
repolarization and conduction features, heart-rate variability measures, and proxies for left 
ventricular mass.

5.1.1  Coefficient functions and term contributions.

Our goal is to identify and quantify predictors of RMST using SGF coefficients. For a forest 
with B trees, let β̂(b)(x) denote the coefficient vector of the terminal-node model in tree b 
that contains x (that is, the lasso coefficient vector for the leaf containing x in tree b). Define 
the (coordinate-wise) coefficient functions β̂(x) = B−1 ∑B

b=1 β̂(b)(x). The ensemble pre-
dictor can then be written as a parametric expansion with x-dependent coefficients. To facili-
tate interpretation, we restrict attention to intercepts, linear terms, and pairwise interactions 
and write

	
ψ̂(x) = β̂0(x) +

p∑
l=1

β̂l(x) xl +
∑

1≤l1<l2≤p

β̂l1l2 (x) xl1 xl2 .

1 This two-stage construction can be viewed as a form of distillation. RSF provides a flexible survival esti-
mate, while SGF provides a term-by-term parametric decomposition of the resulting RMST predictions.
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This representation yields a natural additive decomposition of the fitted value into term-
level contributions. We define the linear-term contribution of variable xl at covariate vector 
x by

	 θ̂l(x) = β̂l(x) xl.

For an interaction pair (l1, l2) we define the interaction-term contribution as β̂l1l2 (x)xl1 xl2 . 
When summarizing a pair, it is useful to report the combined (main + interaction) contribution

	 θ̂l1l2 (x) = β̂l1 (x)xl1 + β̂l2 (x)xl2 + β̂l1l2 (x)xl1 xl2 ,

which summarizes the joint contribution of the pair at x.

5.1.2  Linear contributions.

Figure 12 shows patient-level linear-term contributions for selected variables. Among clini-
cal variables, peak metabolic equivalents (peak_mets) has the strongest positive contribu-
tion to RMST, consistent with longer predicted survival among fitter individuals. Several 
ECG features show negative contributions, including T-wave amplitude in lead I (tamp_I) 
and lead aVL (tamp_aVL), and the ST-segment end in lead I (ste_I), suggesting that repo-
larization differences are associated with lower predicted RMST in this cohort. The Rom-
hilt–Estes score (RE_Score), a proxy for left ventricular mass, is also negatively associated 
with predicted RMST. Other effects (e.g., timing and slope measures in lateral leads) are 
comparatively modest. It is noteworthy, after accounting for the other terms selected by the 
forest, variables such as sex and Duke score have small marginal linear contributions in this 
model.

Fig. 12  Patient-level linear-term contributions for RMST prediction. Negative values correspond to lower 
predicted RMST (shorter expected survival)
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5.1.3  Interaction contributions.

Figure 13 displays several prominent pairwise joint contributions. A large positive joint con-
tribution appears for the interaction between Duke score and peak metabolic equivalents. 
Additional interactions link ECG repolarization features with exercise capacity, including 
sslp_aVL × peak_mets, tamp_aVL × peak_mets, and ste_aVL × peak_mets, each 
corresponding to larger predicted RMST. These patterns indicate that higher RMST predic-
tions tend to occur when exercise capacity is high and repolarization features are favorable.

Among clinical–ECG pairs, the largest positive joint contribution involves exercise 
capacity (peak_mets) and ST-segment slope in lead aVL (sslp_aVL). To examine this 
association, we stratified RMST across joint bins of these two variables. As shown in Figure 
14, RMST increases consistently with higher exercise capacity, and the gradient is stronger 
when ST slope is more upright. For example, when sslp_aVL ∈ (0.5, 43], median RMST 
increases from approximately 9.3 years at low exercise capacity to nearly 9.9 years for 
peak_mets > 13. Similar patterns appear across other slope strata, which is consistent with 
the joint contribution pattern in the forest.

5.2  Synthetic experiments demonstrating parametric insights

As a second illustration, we applied the same coefficient-function and contribution summa-
ries to three synthetic benchmarks: friedman1, peak, and lmi2. Figure 15 shows the distribu-
tion of partial contributions estimated by SGF with hcut  = 3 across 250 independent runs 
(n = 1000, p = 20). These contributions summarize how much each term contributes to the 
predicted response tree averaged over the local model structures.

In friedman1, the largest contributions arise from terms involving x1 and x2 (indicating 
interactions), together with strong effects from x3 (quadratic behavior) and x4 and x5 (addi-
tive linear components), which is consistent with the data-generating mechanism. In peak, 
the values concentrate on quadratic terms while linear terms are negligible, reflecting the 

Fig. 13  Patient-level pairwise joint contributions for RMST prediction. Interactions summarize multivari-
ate combinations of ECG and clinical variables associated with differential predicted survival
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radial symmetry of the signal. In lmi2, the signal is globally quadratic, and the fitted contri-
butions are spread across quadratic and interaction terms among the active variables, match-
ing the squared-sum structure of the target.

6  Discussion

6.1  Summary

We introduced Super Greedy Trees (SGTs), a decision-tree framework that uses a class 
of sparse parametric score functions to define multivariate, greedy geometric cuts. Local 
models are fit with the lasso, which adapts the effective complexity of each cut to the data 
available in the node. Near the root, where sample sizes are larger, the fitted score can sup-
port richer boundaries (for example, quadratic forms). Deeper in the tree, lasso sparsity 
and smaller node sizes tend to favor simpler split rules, often approaching traditional axis-
parallel (coordinate-threshold) cuts.

Section  4 evaluated Super Greedy Forests (SGFs) against random forests, gradient 
boosted trees (GBT), and oblique random forests (ORF) across two benchmark studies. SGFs 
performed well overall, with best performance obtained when cut complexity, controlled by 
hcut, was selected adaptively. Theorem 1 helps clarify why this can happen. Enlarging the 
underlying cut class increases the induced partition space, as measured by shatter-coeffi-
cient and partitioning-number bounds. Section 3.5 then shows that the resulting increase in 
estimation error remains controlled when the number of splits and the within-node model 
complexity are limited. Under this control, richer cut families can lower approximation 
error and improve test performance. This confirms what we found in Section 4.

A second strength of the framework is that it combines parametric and nonparamet-
ric modeling while retaining interpretability. The lasso fits used for splitting and for leaf 

Fig. 14  RMST (years) as a function of exercise capacity, stratified by bins of ST-segment slope in lead 
aVL (sslp_aVL). RMST increases with both higher exercise capacity and more upright ST slope, indicat-
ing a joint association with longer predicted survival
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Fig. 15  SGF partial contributions from synthetic experiments using 250 independent runs (n = 1000, 
p = 20). Panels correspond to friedman1 (top), peak (middle), and lmi2 (bottom). Partial contributions 
represent the aggregated term-level contribution of each variable or interaction to the predicted response
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prediction yield sparse local models, so each region is described by a small set of active 
variables and interactions. Section 5 showed how these local fits can be aggregated in SGFs 
to produce observation-specific term contributions (linear and interaction) that summarize 
predictive associations. In the treadmill ECG case study, these summaries revealed clini-
cally meaningful patterns linked to long-term survival, including interactions between ECG 
morphology and exercise physiology. The synthetic experiments further showed that SGFs 
can recover structured parametric forms, such as interaction signals and multivariate qua-
dratic structure.

6.2  Computational complexity

These benefits come with computational costs. Multivariate cuts require fitting local para-
metric models, and the size of the candidate dictionary grows polynomially with the effec-
tive dimension. We addressed this using feature filtering driven by lasso sparsity, which 
reduces the original dimension to a smaller set.

To quantify complexity for the implementation used in Section  4, let n be the sam-
ple size and p the original dimension. After the two-stage filtering step, let pF  denote 
the number of retained covariates, and let d(hcut, pF ) be the number of candidate basis 
terms for the parametric model induced by hcut. For example, d(1, pF ) = 1 + pF , while 

d(3, pF ) = 1 + 2pF +
(

pF
2

)
= O(p2

F ). Let K be the number of splits in the final tree (so 

there are K + 1 terminal nodes), and let D denote the resulting tree depth (with D ≤ K).

In practice, BSF growth is implemented with a priority queue so that split candidates 
for unchanged terminal nodes are not recomputed. Each time a node is split, only the two 
newly created terminal nodes are evaluated. Therefore the total number of node evaluations 
is 1 + 2K.

Consider a terminal node A containing M = M(A) in-bag observations. Evaluating the 
SGT split rule at A involves three steps. First, fit a lasso model on A. Second, sort fitted 
values and scan thresholds to minimize (3). Third, refit lasso models on the two resulting 
daughters to compute the empirical risk reduction. Let Classo denote the constant associ-
ated with fitting one lasso model per observation per candidate term. This constant includes 
coordinate-descent iterations, the regularization path, and the 10-fold cross-validation used 
to select the penalty. Treating the constant number of lasso refits as part of Classo, the cost 
of one node evaluation is

	
O

(
Classo M d(hcut, pF ) + M log M

)
.

Summing over the 1 + 2K evaluated nodes yields the training cost

	
TSGT = O

(
Classo d(hcut, pF )

∑
A

M(A) +
∑

A

M(A) log M(A)
)

,
∑

A

1 = 1 + 2K,

where the sums run over evaluated nodes. Since each observation belongs to at most 
D + 1 nodes along its root-to-leaf path, 

∑
A M(A) ≤ n(D + 1) = O(nD). Also, since 

M(A) ≤ n, 
∑

A M(A) log M(A) = O(nD log n). Therefore,
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TSGT = O

(
Classo d(hcut, pF ) nD + nD log n

)
.

For comparison, consider a CART-based random forest with B trees, each grown to K splits 
with depth D. At a node with M observations, a standard CART split searches over mtry 
candidate features. The per-node cost is O(mtry M) given presorting-based preprocessing, 
or O(mtry M log M) if one accounts for nodewise sorting. Aggregating yields

	
TRF = O

(
B mtry nD

)
or TRF = O

(
B mtry nD log n

)
with nodewise sorting.

The SGF with B trees has training time on the order of B TSGT, plus the overhead of filter-
ing and any hcut selection. Thus relative to RF, SGFs replace the mtry univariate split 
search with lasso fitting, where the dominant term is d(hcut, pF ) and the constant Classo. 
Meanwhile the effect of n and the depth factor remain the same. This makes clear that the 
dimension reduction step that reduces p to pF  is important for keeping SGF computations 
close to RF in high-dimensional settings.

6.3  Future work

Several extensions are natural. First, the framework can be adapted to other response types 
(classification, count outcomes, and general GLM losses) and to direct survival objectives. 
For example, one can fit splits and leaf models using censored survival data directly rather 
than relying on a two-stage RMST construction. Second, richer cut dictionaries beyond 
polynomial terms, including splines, structured interactions, and domain-specific feature 
expansions, may improve accuracy while still producing sparse local summaries. Third, 
there is room for computational improvements, including warm-start strategies along the 
lasso path, screening rules for the candidate dictionary, and parallelization across nodes or 
trees. Finally, while this paper emphasized predictive performance, the case study in Sec-
tion 5 points to another important direction. It motivates scalable summaries for understand-
ing how variables and outcomes are related, especially when interactions and nonlinear 
effects play a substantial role.
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